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Influences of a topological defect on the spin Hall effect
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We study the influence of topological defects on the spin current as well as the spin Hall effect.
We find that the nontrivial deformation of the space time due to topological defects can generate a
spin-dependent current which then induces an imbalanced accumulation of spin states on the edges
of the sample. The corresponding spin Hall conductivity has also been calculated for the topological
defect of a cosmic string. Compared to the ordinary value, a correction which is linear with mass
density of the cosmic string appears. Our approach to the dynamics of non relativistic spinor in the
presence of a topological defect is based on the Foldy-Wouthuysen transformation. The spin current
is obtained by using the extended Drude model which is independent of the scattering mechanism.
PACS numbers: 04.62.+v, 71.70.Ej, 72.25.-b
I. INTRODUCTION
Recently the experimental observations of the spin Hall
effect (SHE) have create a new research field, spintron-
ics [1] which studies the flow of electron spin in the
band structure of solids. SHE was predicted in first by
Dyakonov and Perel in 1971 [2, 3]. This effect, which oc-
curs as a result of the spin-orbit coupling (SOC) between
electrons and impurities, is called extrinsic[4]. Con-
versely, there are intrinsic forms of the SHE [5–8], which
is caused by spin-orbit coupling in the band structure
of the semiconductor and survives in the limit of zero
disorder, and has became an active field of research in
recent years [9–13]. Generally, the spin current is non
conserved because of the exchange of angular momen-
tum between the electrons and acting fields through the
spin-orbital coupling. Matsuo et al. [14] discussed the
angular momentum exchange between electrons and the
mechanical angular momentum of condensed matter sys-
tems, and claimed that mechanical manipulation of spin
currents is possible. In Ref. [15], SHE on noncommu-
tative space was investigated, showing that on noncom-
mutative space, these is a preferable direction for spin
flow, and deformed accumulations of spin states on the
edges of the sample will occur. Based on a semiclassical
approach to noncommutative quantum mechanics, SHE
has also been discussed in Refs. [16, 36, 37]. In this pa-
per, we will discuss the influence of topological defects on
the intrinsic spin currents based on the extended Drude
model of spin Hall effects in Ref. [8].
Topological defects are predicted in most of the uni-
fied theories of fundamental force. In last few decades,
this subject has drawn special attention in several ar-
eas of physics ranging from condensed-matter physics to
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cosmology [17–26], such as the defect formed at phase
transitions in the earliest history of the universe [17], the
cosmic string [17–20], the domain wall [20–25], and the
global monopole [26], etc. In particular, cosmic-string
theory provides a bridge between the physical descrip-
tions of microscopic and macroscopic scales and then
generates extensive discussions on various quantum prob-
lems. The influences of topological defects on the Landau
levels have been investigated [27, 28]. It was shown that
the presence of a cosmic string breaks the infinite de-
generacy of the Landau levels. Reference [29] has also
investigated the Landau quantization for a neutral parti-
cle with permanent magnetic dipole moments in a cosmic
string and cosmic dislocation space time. And more re-
cently, the relativistic and non relativistic quantum dy-
namics of a neutral particle with permanent magnetic
and electric dipole moments were studied in the curved
space time [30]. The topological Aharonov-Bohm and
Aharonov-Casher effects have also been studied in the
presence of a topological defect[31, 32]. In this paper,
we focus on the influence of topological defects on spin
currents and their deformation on the spin Hall conduc-
tivity.
The contents of this paper are organized as follows:
In Sec. II, by using the Foldy-Wouthuysen transforma-
tion [33, 34], we discuss the Pauli-Schrodinger equation
in the cosmic string background, which allows us to in-
vestigate the spin-orbit interaction directly. In Sec. III,
we will calculate the spin-dependent electric current and
the spin Hall conductivity in the presence of a cosmic
string. Finally, the conclusions are given in Sec. IV.
II. PAULI-SCHRODINGER EQUATION IN
COSMIC STRING BACKGROUND
In this section, we consider the dynamics of spin-1/2
particle in the electromagnetic fields in the presence of
a cosmic string. In this case, the interaction between
charged spinor and electromagnetic fields involves a new
2minimal-coupling-like term. And then the dynamics
of the Dirac particle in this curved space time is de-
scribed by the generalized covariant form of the Dirac
equation[35],
[γ˜µ(x)(pµ − qAµ(x)− Γµ(x)) +mc
2]ψ(x) = 0, (1)
where Aµ is the electromagnetic gauge potential, Γµ(x) is
the spinor connection, and γ˜µ(x) are the elements of co-
ordinate dependent Clifford algebra in the curved space-
time and satisfy the relation {γ˜µ(x), γ˜ν(x)} = 2gµν(x),
where gµν(x) is the matric of the space time in the pres-
ence of a topological defect. In the following, we will
focus our calculations on the cosmic-string space time,
and the line element is given by
ds2 = c2dt2 − dρ2 − η2ρ2dϕ2 − dz2. (2)
where η = 1 − 4λG/c2 is the deficit angle and λ is the
linear mass density of the cosmic string. In general, the
deficit angle can assume values η > 1, which correspond-
ing to an anti-conical space-time with negative curvature.
The geometry (2) corresponds to a conical singularity de-
scribed by the curvature tensor Rρ,ϕρ,ϕ =
1−η
4η
δ2(~r). In the
formalism of vierbein (or tetrad), which allows us to de-
fine the spinors in the curved space-time, the metric has
the form [35], gµν(x) = e
a
µ(x)e
b
ν(x)ηab. The inverse of
vierbein is defined by the relations, eaµ(x)e
µ
b(x) = δ
a
b
and eµa(x)e
a
ν(x) = δ
µ
ν . The vierbein for the metric of
present cosmic string space time are
eaµ =


1 0 0 0
0 cosϕ −ηρ sinϕ 0
0 sinϕ ηρ cosϕ 0
0 0 0 1

 (3)
and
eµa =


1 0 0 0
0 cosϕ sinϕ 0
0 − sinϕ
ηρ
cosϕ
ηρ
0
0 0 0 1

 . (4)
The flat space-time can be recovered for η = 1. The
spinor connection Γµ are connected to the vierbein with
the relation
Γµ =
1
8
ωµab(x)[γ
a, γb] =
1
8
eaν∇µe
ν
b[γ
a, γb]. (5)
Here ∇µ = ∂µ+Γµ is the covariant derivative determined
by the geometry of background space-time, and ωµab(x)
is the one connection ωab(x) = ωµab(x)dx
µ, its solutions
can be obtained by using the Maurer-Cartan structure
equation [32],
ω 1ϕ 2 = ω
2
ϕ 1 = 1− η. (6)
Thus in our case, only is Γϕ the non-zero component of
spinor connection,
Γϕ = −
i
2
(1 − η)Σ3, (7)
where
Σ3 =
(
σ3 0
0 σ3
)
, (8)
and σ3 is the usual Pauli-matrix.
From the Generalized Dirac equation (1), we can get
the deformed Dirac Hamiltonian as the following form:
HD = βmc
2 + c~α · ~π + qA0 + ~α · ~Γ+ c~α ·
~~Ω · ~π +Γ0, (9)
where ~π = ~p − q ~A/c is the mechanical momentum of
matter particle; And for convenience, we have define
Ωaµ(x) = e
a
µ(x)− δ
a
µ, Ω
µ
a(x) = e
µ
a(x) − δ
µ
a, (10)
and the second order term ~α ·
~~Ω · ~Γ in (9) has been ne-
glected. Comparing to the ordinary Dirac Hamiltonian
there are three additional terms. Γ0 behaves like an elec-
tric potential. But in our case its value is zero, and then
has no influence. The term ~α ·~Γ is directly from the spin
connection of the minimal-like interaction, and behaves
like an hidden momentum then be able to generate a ge-
ometric phase [32]. The term c~α ·
~~Ω · ~π is induced by the
geometry of the cosmic string space-time, and is deter-
mined by gµν(x). In this sense, it represents correction of
the ordinary inner-product between ~α and ~π. To obtain
the non-relativistic dynamics, we divide the Hamiltonian
into even and odd parts denoted by
ǫ = qA0 + Γ0 (11)
and
O = c~α · ~π + ~α · ~Γ + c~α ·
~~Ω · ~π, (12)
respectively. So that HD = βmc
2 +O + ǫ. By using the
Foldy-Wouthuysen transformation [33, 34], which block
diagonalizes the deformed Dirac Hamiltonian HD by sep-
arating the positive and negative energy part of its spec-
trum, the Hamiltonian HD up to the order of 1/m
2 be-
comes
Hps = β
(
mc2 +
O2
2mc2
)
+ ǫ−
1
8m2c4
[O, [O, ǫ]]. (13)
Neglecting the rest energy in (13), the Pauli-Schrodinger
equation for the upper component of Dirac spinor (corre-
spondingly, we always use the up-left component of the
matrix ~Γ in the following discussions). in cosmic-sring
background is
ih¯
∂
∂t
ψ = Hpsψ, (14)
where ψ now is the two component spinor, and Hps de-
notes the deformed Pauli-Schrodinger Hamiltonian in the
presence of cosmic-string. It is consist of several parts,
Hps = Hk +Hz +Hso +Hd. (15)
3The first one is the kinematic part with corrections of
minimal type:
Hk =
1
2m
(
~p− q ~A/c− ~Γ/c− ~Ω ·~π
)2
+ qV (~r) +Γ0. (16)
Apparently, the term ~Γ gives a correction to the ordinary
topological Aharonov-Casher phase as discussed in Ref.
[32]. The second term Hz in H˜ps describes the Zeeman
type couplings,
Hz = −
qh¯
2mc
~σ · ~B −
qh¯
2mc
~σ · ~Bs −
qh¯
2mc
~σ · ~Bm, (17)
where ~Bs = (~∇×~Γ)/q and ~Bm = c(~∇× (
~~Ω ·~π))/q are the
effective magnetic fields generated by the spin connection
~Γ directly and the term
~~Ω · ~π which indirectly represents
the geometry of the space-time. These terms can de-
form the Zeeman spectrum (note that, for the effective
magnetic field ~Bs in our case, it is depended on the spin
orientation along zˆ, for spin-up state the effective fields
are positive and for spin-down state the effective fields
are negative. So, the Zeeman energies get equal shifts).
These deformations then can be applied for the verifica-
tion of the effects of topological defects. But here, we are
not interesting in these effects. We are interesting in the
third term Hso in Hps which describes the generalized
spin-orbital couplings,
Hso =
qh¯
4m2c2
~σ · ( ~E × ~p) +
qh¯
4m2c2
~σ · ( ~Es × ~p)
−
qh¯
4m2c2
~σ · ( ~Em × ~p), (18)
where ~Es = −~∇Γ0/q and ~Em = −
~~Ω · ~∇V . In this
part of the Pauli-Schrodinger Hamiltonian, the first term
describes the ordinary spin-orbital interaction and can
generate a nontrivial spin current as discussed in Ref.
[8]; the next two terms, which are related to the addi-
tional terms in Zeeman couplings Hz, describe the effec-
tive spin-orbital interactions and are expected to gener-
ate additional spin currents which will be discussed in
next section, III. The final part of the deformed Pauli-
Schrodinger Hamiltonian Hps is the deformed Darwin
term which again consists of three parts,
Hd =
qh¯2
8m2c2
~∇ · ~E+
qh¯2
8m2c2
~∇ · ~Es−
qh¯2
8m2c2
~∇ · ~Em. (19)
III. SPIN HALL EFFECT IN COSMIC STRING
BACKGROUND
In this section we will calculate the spin-depended elec-
tric current on the cosmic space-time background. This
is performed by incorporating spin and spin-orbital in-
teraction into the dynamics of charge carriers as in Ref.
[8]. One of the results in Ref. [8] is that the nontriv-
ial spin current is generated by the collective operations
of the external and lattice fields. So, we separate the
total electric potential V (~r) acted on the charge carries
into the sum of external electric potential Ve(~r) and the
lattice electric potential Vl(~r). In the following, by em-
ploying the extended Drude model[8] we will derive an
universal expression for the spin current and correspond-
ing spin Hall conductivity which include the influence of
the cosmic string.
Collecting the kinematic term and spin-orbital cou-
pling terms in the Hamiltonian (19) we have
Hcs =
~p2
2m
+ qV (~r)
−
qh¯
4m2c2
~σ ·
[(
~∇V −
~~Ω · ~∇V
)
× ~p
]
≡
~p2
2m
+ qV (~r) +
qh¯
4m2c2
~σ ·
(
~E′ × ~p
)
, (20)
where ~E′ = −(
~~I −
~~Ω) · ~∇V (~r) which represents the de-
formation on the total electric potential V (~r) due to the
nontrivial geometry of the cosmic string space-time. The
Hamiltonian (20) is the general formalism for spin-orbital
interaction in the cosmic string space-time. To discuss
the dynamical consequences of this interaction, we will
assume that at the leading order the ordinary Heisen-
berg equation is correct. Then by using the Heisenberg
algebra for canonically conjugated variables ~r and ~p, we
have
~˙r =
1
ih¯
[~r,H ]
=
~p
m
+
qh¯
4m2c2
~σ × ~∇V −
qh¯
4m2c2
~σ × [
~~Ω · ~∇V ](21)
~˙p =
1
ih¯
[~p,H ]
= −q~∇V (~r)−
qh¯
4m2c2
~∇
[(
~σ × ~∇V
)
· ~p
]
+
qh¯
4m2c2
~∇
[(
~σ × (
~~Ω · ~∇V )
)
· ~p
]
(22)
The third term in (21) is the cross product of the electron
magnetic moment and the effective electric field in the
cosmic string space-time. From (21) we have
~p = m~˙r −
qh¯
4mc2
~σ × ~∇V +
qh¯
4mc2
~σ × (
~~Ω · ~∇V ) (23)
and then
~˙p = m~¨r −
qh¯
4mc2
(
~˙r · ~∇
)(
~σ × ~∇
)
+
qh¯
4mc2
(
~˙r · ~∇
)(
~σ × (
~~Ω · ~∇V )
)
. (24)
Substituting the (23) and (24) into (22), one can get the
dynamical equation of the canonical variable ~r which has
the form of the Newton’s second law for charge carriers,
m~¨r = ~F ′(q, ~σ) = ~F (q) + ~F (~σ) + ~Fcs(~σ). (25)
4Here the ordinary Lorentz force ~F (q) received a contri-
bution of spin-dependent force ~F ′(~σ) which constitutes
two parts: ~F (~σ) which is generated by the ordinary spin-
orbital interaction,
~F (~σ) = −
qh¯
4mc2
~˙r ×
[
~∇×
(
~σ × ~∇V
)]
− e~∇V, (26)
and ~Fcs(~σ) which results from the presence of the cosmic-
string,
~Fcs(~σ) =
qh¯
4mc2
~˙r ×
[
~∇×
(
~σ × (
~~Ω · ~∇V )
)]
. (27)
Here we neglected the terms proportional to 1/c4. More
interesting thing is that the force in (25) is equivalent to
an Lorentz force,
~F ′(q, ~σ) =
q
c
(
~˙r × ~B′(~σ)
)
− q~∇V (~r). (28)
which acts on a particle of charge q in the electric field
~E = −~∇V (~r) and magnetic field,
~B′(~σ) = ~∇× ~A′(~σ) = ~∇× [ ~A(~σ) + ~Acs(~σ)], (29)
where
~A(~σ) = −
h¯
4mc
~σ × ~∇V (~r), (30)
~Acs(~σ) =
h¯
4mc
~σ × [
~~Ω · ~∇V ]. (31)
With these knowledge, the Hamiltonian (20) can be
rewritten as
H =
1
2m
(
~p−
q
c
~A′(~σ)
)2
. (32)
By solving the equation (25), we can get the univer-
sal expression of charge and spin currents. The solution
is derived by employing the extended Drude model [8]
which incorporates spin-orbit interaction into the dynam-
ics of charge carriers. Such model allows one to obtain
universal expression for spin Hall conductivity that is in-
dependent of the scattering mechanism, and then be able
to show the influence of topological defect clearly. The
details of the scattering mechanism are absorbed into the
momentum relaxation time τ which is given experimen-
tally. We assume that to the first order of approxima-
tion the velocity relaxation time τ of charge carriers is
independent of ~σ. Because of relative smallness of the
spin-dependent force, we can treat ~Fcs(~σ) in (25) as a
perturbation. The solution of (25) can be written in the
form ~˙r = ~˙r + ~˙rcs, where ~˙r is the solution, that the influ-
ence of cosmic string has not been included, and is given
in Ref.[8]. ~˙rcs is a small η-dependent part of the velocity
which also can be obtained perturbatively. In the pres-
ence of a constant external electric field ~E = −~∇Vl(~r),
from Eqs. (25), (26), and (27) we obtain
〈~˙r〉 =
qτ
m
~E −
h¯q2τ2
4m3c2
~E × 〈~∇× (~σ × ~∇V )〉, (33)
〈~˙rcs〉 =
h¯q2τ2
4m3c2
~E × 〈~∇× [~σ × (
~~Ω · ~∇V )]〉. (34)
The right-hand side of (33) and (34) contains the volume
average of electrostatic crystal potential ∂i∂jVl(~r). The
SHE in a cubic lattice on a commutative space has been
studied in Ref. [8]. For a cubic lattice, the only invariant
permitted by symmetry is
〈
∂2Vl(~r)
∂ri∂rj
〉 = χδij , (35)
where χ is a constant which have been determined in
Ref. [8]. In addition, the presence of a cosmic string
deformed the geometry of the space-time. This can be
seen in Eq. (34), in which both Ωik and its derivative
are involved. The derivative term contains two parts,
σi∂iΩjk∂kV and σj∂iΩik∂kV . Both these two terms can
be neglected when either the derivative of
~~Ω along the
spin polarization direction (zˆ) is zero or the term with
the square of ∂kV is so small that these terms can be
neglected . So we can consider only the terms with ∂i∂jV
in (34). In our case of the cosmic string,
Ωµa =


0 0 0 0
0 cosϕ sinϕ 0
0 sinϕ
ηρ
− cosϕ
ηρ
0
0 0 0 0

 . (36)
With the help of (35) and (36), we can get the solutions
of (33) and (34) as follows:
〈~˙r〉 =
qτ
m
~E +
h¯q2τ2χ
2m3c2
~σ × ~E, (37)
〈~˙rcs〉 =
h¯q2τ2χ
4m3c2
Tr{Ω}~σ × ~E
=
h¯q2τ2χ
4m3c2
(1 −
1
η
)~σ × ~E, (38)
where we have also the average polar angle φ. Under the
weak-field approximation, we have
〈~˙rcs〉 =
λGh¯q2τ2χ
m3c4
~σ × ~E, (39)
The density matrix of the charge carriers in the spin space
can be written as
ρs =
1
2
ρ(1 + ~λ · ~σ), (40)
where ρ is the total concentration of charges carrying the
electric current, and ~λ is the vector of spin polarization of
the electron fluid. From this we can get the expectation
value of the total current as
~j = q〈ρs~˙r〉 ≡ ~jc(q) +~js(~σ), (41)
~jc = σH ~E, (42)
~js = σsH(
~λ × ~E), (43)
5where the corresponding Hall conductivities are given by
σH =
q2τρ
m
, (44)
σsH =
(
1 +
2λG
c2
)
h¯e3τ2ρχ
2m3c2
. (45)
Thus we see that the presence of cosmic string back-
ground makes an important contribution to the spin Hall
conductivity. Its contribution to the spin current and
spin Hall conductivity is of order λG/c2.
IV. CONCLUSION
In summary, the influences of topological defects on
spin flow as well as the spin Hall effect have been stud-
ied. Concretely, the effect of the cosmic string on spin
flow is that the direction of flow is banded. This dy-
namical property is governed by the Pauli-Schrodinger
Hamiltonian form which we can obtain the equation of
motion of particles. The Pauli-Schrodinger Hamiltonian
is derived by employing the Foldy-Wouthuysen trans-
formation, which gives general information on the non
relativistic dynamics of the spin-1/2 particle. In the
presence of cosmic-string background, some additional
terms appear compared to the ordinary one, including
the corrections of Zeeman coupling and corrections of
spin-orbit coupling, etc. These additional terms in the
Pauli-Schrodinger Hamiltonian describe the interaction
form between spin and cosmic string (or generally the
topological defect). Our interest here is the spin-orbital
coupling. The physical consequences of this interaction
are obtained by investigating the equation of motion for
position operator ~r, m~¨r = F (q, ~σ), which is a quantum
analogy of the second Newton’s law. Further, except for
the ordinary Lorentz force, there are additional Lorentz-
like forces. These new Lorentz-like forces are the origin
of the bend of trajectory. So then, they result in imbal-
anced spin state accumulation on the edges of the sample.
Based on the extended Drude model, which is indepen-
dent of the scattering mechanism of the sample, this im-
balanced spin state accumulation has been clearly shown
by solving the “Newton equation” perturbatively. The
expectation value of derived spin current gives the spin
Hall conductivity in spin Hall effect. The presence of
cosmic-string background makes contributions of order
λG/c2 to the spin current and spin Hall conductivity.
These influences are linear and go back to the original
cases for η = 1 or λ = 0.
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